Abstract. Let K/k be a finite separable extension, n its degree and K/k its Galois closure. For n ≤ 5, Greither and Pareigis show that all Hopf Galois extensions are either Galois or almost classically Galois and they determine the Hopf Galois character of K/k according to the Galois group (or the degree) of K/k. In this paper we study the case n = 6, and intermediate extensions F/k such that K ⊂ F ⊂ K, for degrees n = 4, 5, 6. We present an example of a non almost classically Galois Hopf Galois extension of Q of the smallest possible degree and new examples of Hopf Galois extensions. In the last section we prove a transitivity property of the Hopf Galois condition.
where ǫ is the counit of H. Then, K H ′ is a subfield of K, containing k, and the correspondence
is injective and inclusion reversing.
Notation. Throughout this paper, k will denote a field, K/k a separable extension of degree n, K/k its Galois closure, G the Galois group of K/k and G ′ the Galois group of K/K.
For separable field extensions, Greither and Pareigis [6] give the following group-theoretic characterization of the Hopf Galois property. Theorem 1.2. K/k is a Hopf Galois extension if and only if there exists a regular subgroup N of S n normalized by λ(G), where λ : G → S n is the morphism given by the action of G on the left cosets G/G ′ , i.e.
If there exists a regular subgroup N of S n normalized by λ(G) and contained in λ(G), we say that K/k is an almost classically Galois extension.
Theorem 1.3. ([6]) K/k is almost classically Galois if and only if G
′ has a normal complement N in G.
In particular, if K/k is Galois, then G ′ = 1 and has normal complement N = G. The following theorem provides a justification for the notion of almost classically Galois extensions.
Theorem 1.4 ([6]).
If K/k is almost classically Galois, then there is a Hopf algebra H such that K/k is Hopf Galois with algebra H and the main theorem holds in its strong form, i.e. the correspondence F H between k-sub-Hopf algebras of H and k-subfields of K is bijective.
It is known that all Hopf Galois extensions of degree n ≤ 7 are almost classically Galois extensions.
To perform our computations we use the following reformulation due to Byott [1] . We consider Byott reformulation as an "algorithmic" procedure to check if a given extension K/k is Hopf Galois.
Step 1: Let N run through a system of representatives of isomorphism classes of groups of order n;
Step 2: Compute Hol(N) ⊆ S n ;
Step 3: Check if G ⊆ Hol(N).
In the third step, we should be aware that S n may have different conjugacy classes of transitive subgroups isomorphic to G, namely that the embedding G ֒→ Sym(G/G ′ ) ≃ S n must be taken into account. In this paper, we shall follow this algorithmic procedure with n = 4, 5, 6 to describe the Hopf Galois character of separable extensions K/k and extensions F/k for fields F such that K ⊂ F ⊂ K. Although most of the work has to be done case by case, we include here some useful generic results. Lemma 1.3. If n ≥ 3, a subgroup of order 2 of the symmetric group S n is never normal. It has a normal complement if and only if its nontrivial element is an odd permutation. In that case, the normal complement is the alternating group A n .
Hopf Galois in degree 4
In the case n = 4, the character of K/k, for each possible Galois group G, is given in [6] , theorem 4.6. We list the results in the following table Let us consider now the order 3 subgroup G ′′ of G ′ and the fixed field F = K G ′′ . Since S 4 has no normal subgroups of order 8, G ′′ has no normal complement in S 4 and F/k is not almost classically Galois. Let us see if it is Hopf Galois by looking for a group N of order 8 such that G ⊆ Hol(N). Here, G is identified with a transitive subgroup of S 8 through the action by left multiplication on the set of left cosets G/G ′′ . In fact, any transitive subgroup of S 8 isomorphic to S 4 will be a conjugate of G, since S 4 has a unique conjugacy class of elements (and subgroups) of order 3. Therefore, in order to have the Hopf Galois condition, it is enough to see that for some N, the holomorph Hol(N) has a transitive subgroup G 1 isomorphic to S 4 .
We have five possible abstract groups N, namely the abelian groups C 8 , C 2 × C 4 , C 2 × C 2 × C 2 , the dihedral group D 2·4 and the quaternion group H 8 . If we look for holomorphs having order divisible by 24, we are left with C 2 × C 2 × C 2 and H 8 .
If we take N = H 8 , then Hol(N) has no transitive subgroups isomorphic to S 4 . However, for N = C 2 ×C 2 ×C 2 there are such subgroups. For example, if N = (1, 6)(2, 7)(3, 5)(4, 8), (1, 4)(2, 3)(5, 7)(6, 8), (1, 3)(2, 4)(5, 6)(7, 8) , then its normalizer in S 8 is Hol(N) = N, (2, 3)(5, 7), (2, 7)(3, 5), (2, 4)(7, 8), (2, 6) (3, 5, 8, 4) , which has a transitive subgroup isomorphic to S 4 , namely G 1 = (1, 7, 4, 2)(3, 6, 5, 8), (1, 2)(3, 7)(4, 6)(5, 8) .
Therefore F/k is a Hopf Galois extension. We have obtained the following result.
Proposition 2.1. Let K/k be a separable extension of degree 4 with Galois
, it is (resp. is not) almost classically Galois.
be an irreducible polynomial of degree 4, with Galois group S 4 and x be a root of f in a splitting field of f . Then the extension Q(x, √ d)/Q, where d denotes the discriminant of f , is a degree 8 Hopf Galois extension which is not almost classically Galois.
Example 2.1. We give now an explicit example of a degree 8 extension F/Q as in Corollary 2.1. We consider the irreducible polynomial f = X 4 +X +1 ∈ Q[X] and denote by K its splitting field. We have Gal( K/Q) ≃ S 4 and disc(f ) = 229. Then F = Q(x, √ 229), for x a root of f in K. By using Cardano's formulas, and making a choice for x, we obtain
and ω is a primitive cubic root of unity. Let us note that the example of a Hopf Galois non almost classically Galois extension given in [6] is a degree 16 extension of a quadratic number field.
Hopf Galois in degree 5
In the case n = 5, the character of K/k, for each possible Galois group G, is given in [6] We are again in the situation when G has a unique conjugation class of subgroups isomorphic to C 2 and S 10 has a unique conjugation class of transitive subgroups isomorphic to G. Therefore, in order to check the Hopf Galois condition for F/k, it suffices to find a regular subgroup N ⊂ S 10 such that Hol(N) has a transitive subgroup isomorphic to F 5 .
Since N must have order 10, it can be N ≃ C 10 , in which case, Hol(N) has order 40, or N ≃ D 2·5 , and then Hol(N) has order 200. Let us take N 1 = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10) ⊂ S 10 .
Its normalizer is Hol(N 1 ) = N 1 , (2, 4, 10, 8)(3, 7, 9, 5) whose transitive subgroup (1, 2, 5, 4)(3, 8) (6, 7, 10, 9) , (1, 3, 5, 7, 9) (2, 4, 6, 8, 10 ) is isomorphic to F 5 .
If we take the regular group N 2 = (1, 7)(2, 8)(3, 4)(5, 9)(6, 10), (1, 6, 4, 9, 8)(2, 5, 3, 10, 7) ⊂ S 10 , which is isomorphic to D 2·5 , and its normalizer Hol(N 2 ) = (1, 7)(2, 8)(3, 4)(5, 9)(6, 10), (2, 5, 3, 10, 7), (2, 3, 5, 7) (4, 8, 9, 6) we find the subgroup (1, 7, 8, 5)(2, 4)(3, 9, 10, 6), (1, 4, 8, 6 , 9)(2, 10, 5, 7, 3) which is also transitive and isomorphic to F 5 .
Proposition 3.1. Let K/k be a separable extension of degree 5 and K/k its Galois closure. If Gal( K/k) has order 20 and F is a field with K F K, then the degree 10 extension F/k is Hopf Galois but not almost classically Galois. This extension has at least two different Hopf Galois structures.
We consider now the cases in which K/k is not Hopf Galois and we want to compute the smallest degree [F : k] for fields F such that K ⊂ F ⊆ K and F/k is Hopf Galois. Proposition 3.2. Let K/k be a separable extension of degree 5 which is not Hopf Galois, K/k its Galois closure. The smallest degree [F : k] for fields F such that K ⊂ F ⊆ K and F/k is Hopf Galois is 60. More precisely, this smallest degree is attained for F = K in the case G = A 5 and for an almost classically Galois extension F/k in the case G = S 5 .
Proof. We consider separately the two possibilities for the Galois group of K/k.
In this case we have G ′ = Gal( K/K) ≃ A 4 and the nontrivial possibilities for Gal( K/F ) are subgroups isomorphic to V 4 , C 3 , C 2 . We will have degrees m = [F : k] = 15, 20, 30, respectively. In order to have the Hopf Galois condition there should be a regular subgroup N ⊂ S m such that Hol(N) has a subgroup isomorphic to A 5 .
Although some cases of degree 20 could be ruled out just because the order of the holomorph is not divisible by 60, we are going to show that all groups of order 15, 20 or 30 have a solvable holomorph. Since all groups of these orders are solvable, it is enough to check that the automorphism groups are solvable.
There is only one group of order 15 (modulo isomorphism), the cyclic one. Its automorphism group has order ϕ(15) = 8 and is solvable.
Regarding the five groups of order 20, we have Aut( Since there are no proper intermediate extensions satisfying the Hopf Galois condition, the minimal Hopf Galois extension we were looking for is the Galois closure itself. According to the databases of small groups, there are 14 isomorphism classes of groups of order 40. They are named in Magma as SmallGroup(40, i) for 1 ≤ i ≤ 14. There is only one having a non solvable holomorph: it corresponds to i = 14, which gives the group C 2 ×C 2 ×C 2 ×C 5 . The nonsolvability of the holomorph is due to its subgroup Aut(C 2 × C 2 × C 2 ), a simple group of order 168. But this holomorph does not have subgroups isomorphic to A 5 .
On the other hand, there are 13 isomorphism classes of groups of order 60: A 5 , A 4 × C 5 , six non-isomorphic semidirect products C 15 ⋊ C 4 and five non-isomorphic semidirect products C 15 ⋊ V 4 . The only one having a non solvable holomorph is A 5 , where Hol(
In degree 60 we can have a Hopf Galois extension F/k attached to a regular subgroup N ≃ A 5 .
In fact, since G ′ ⊂ S 5 is the stabilizer of a point, there exists a subgroup C of Gal( K/K) generated by a transposition, and we can take the fixed field
In other words, the extension F/k is almost classically Galois.
Hopf Galois in degree 6
In this section we consider a separable field extension K/k of degree 6. The possible groups G = Gal( K/k) are the transitive permutation groups of degree 6, which are listed in the following table. We have kept the essential information given in the naming scheme developed in [5] . We may also refer to these groups as in Magma language, namely TransitiveGroup(6, i), or 6T i for short.
We have collected here the results on the Hopf Galois condition which are proved in this section. We will be interested in intermediate fields within K and K, so we have separated the first five cases, where there are no proper intermediate fields. For an extension K/k of degree 6, a Hopf Galois structure comes from a group N of order 6. By considering the holomorphs of these groups some cases become very easy to decide. Proposition 4.1. Let K/k be a separable extension of degree 6 and K/k its Galois closure.
Proof. If N is a group of order 6, it can be either cyclic or isomorphic to the symmetric group S 3 . Since Hol(C 6 ) ≃ D 2·6 and Hol(S 3 ) ≃ S 3 × S 3 , none of them can have a subgroup of order 24 o bigger than 36.
On the other hand, Hol(C 6 ) is not isomorphic to A 4 and for an extension with Galois group isomorphic to A 4 we must look inside Hol(S 3 ). If we assume that G is a subgroup of order 12 of S 3 × S 3 , then one of the projections of G on the components has to be the whole S 3 . Therefore G has a subgroup of order 6 and this proves G ≃ A 4 . Proposition 4.2. Let K/k be a separable extension of degree 6 and K/k its Galois closure. If Gal( K/k) is isomorphic to the dihedral group D 2·6 or F 18 or F 18 : 2, then K/k is almost classically Galois.
is a non normal subgroup of order 3 of G. The group G has a normal subgroup N of order 6 (isomorphic to S 3 ) and the unique subgroup of N of order 3 is also normal in G. Therefore G ′ ∩ N = 1 and N is a normal complement for Proof. The group G = Gal( K/k) = F 36 has order 36 but it is not isomorphic to Hol(S 3 ). Since Hol(C 6 ) is too small, there is no regular subgroup N of S 6 such that Hol(N) contains G.
Intermediate extensions in the case
We consider now fields F with K ⊂ F ⊂ K and analyze the Hopf Galois property for the extension F/k in the unique case in which K/k is Hopf Galois of degree 6 and there are proper intermediate fields, namely when G = F 18 : 2. Therefore, G ′ ≃ S 3 and we can have Gal( Proof. To analyze the case Gal( K/F ) ≃ C 2 , we give first a more explicit description of G = F 18 : 2, which is a group isomorphic to S 3 × S
Next we consider the case Gal( K/F ) ≃ C 3 . Now the extension F/k is not almost classically Galois since G has no normal subgroups of order 12. We check if there is a regular subgroup N ⊂ S 12 such that G ⊆ Hol(N). Now we are considering G as a transitive subgroup of degree 12, and transitive subgroups of S 12 isomorphic to S 3 × S 3 happen to be in a unique conjugacy class, which is the one denoted by 12T16 according to the notation in [5] . Therefore, we are looking for a group N of order 12 such that its holomorph has a transitive subgroup isomorphic to S 3 × S 3 .
The cyclic group C 12 is ruled out because its holomorph has order 12ϕ(12) = 48. The holomorph of the alternating groupA 4 has order 12 · 24 = 288 and the remaining three groups of order 12 have holomorphs of order 144. Even more, the dihedral group D 2·6 and the dicyclic group Dic 3 have isomorphic holomorphs: the transitive group in the class 12T81, again in the notation of [5] . Therefore, Hol(D 2·6 ) has generators g 1 = (2, 6, 10) (4, 8, 12) , g 2 = (1, 5)(2, 10)(4, 8)(7, 11), g 3 = (1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12), g 4 = (1, 7)(3, 9)(5, 11).
The subgroup g 
Intermediate extensions for K/k not Hopf Galois
We consider now the degree 6 extensions K/k which are not Hopf Galois and determine in each case the minimal degree [F : k] for a field F with K ⊆ F ⊆ K such that the extension F/k is Hopf Galois.
Case |Gal( K/k)| = 24
We have 3 different conjugacy classes for G inside S 6 : 2A 4 , S 4 (6d) and S 4 (6c). We consider the subgroup G ′ = Gal( K/K), which has order 4, and we ask whether there is a subgroup C ⊂ G ′ of order 2 such that the fixed field F = K C provides a Hopf Galois extension F/k. Since the degree of this extension is 12, we deal again with the five isomorphism classes of subgroups of order 12 and its holomorphs. Since they have order divisible by 24, none of them is excluded a priori.
The three groups G under consideration have subgroups of order 12, therefore our first check will be for almost classically Galois extensions F/k.
The group 2A 4 is isomorphic to A 4 ×C 2 and an stabilizer G ′ is isomorphic to (12)(34), s × (13)(24), s , where s is a generator of C 2 . It has three subgroups of order 2, two of them with normal complement N ≃ A 4 ×1 ≃ A 4 .
Proposition 4.5. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. If Gal( K/k) = 2A 4 , there exist two fields F , with K ⊆ F ⊆ K, such that [F : k] = 12 and F/k is almost classically Galois.
When a degree 6 extension K/k has Galois group isomorphic to S 4 , the subgroup G ′ = Gal( K/K) has order 4 and may be isomorphic to C 2 × C 2 or C 4 . By considering the action of G on the cosets G/G ′ we get S 4 (6d) in the first case and S 4 (6c) in the second one. In the first case, G ′ ⊂ S 4 is generated by two disjoint transpositions and, therefore, it has two subgroups having normal complement isomorphic to A 4 . In the second case, G ′ ⊂ S 4 is generated by a 4-cycle c and its unique subgroup C of order 2 is generated by c 2 , a product of two disjoint transpositions. The subgroup C is then contained in the alternating group A 4 and, therefore, has no normal complement. We still study whether the intermediate field F = K C can be a Hopf Galois extension. We deal once again with the groups of order 12 and its holomorphs.
The symmetric group S 12 has two conjugacy classes of transitive subgroups isomorphic to S 4 . In one of them, the stabilizer of a point is a group of order 2 with conjugacy class of length 6 and in the other one is a group of order 2 with conjugacy class of length 3. In our situation C = c 2 has 3 conjugates, corresponding to the three different products of disjoint transpositions. Therefore the action of G on cosets G/C gives the transitive group of degree 12 named 12T 9 = S 4 (12e) in [5] . In this group the elements of order 4 have disjoint cycle decomposition type (2)(2)(4)(4), but none of the holomorphs of the groups of order 12 has elements with this decomposition type. Proposition 4.6. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. We assume that G = Gal( K/k) ≃ S 4 .
If Gal( K/K) is isomorphic to the Klein group (namely G = S 4 (6d)), there are two subgroups of order 2 having normal complement in G. Therefore, there are two almost classically Galois extensions F/k of degree 12, with
, there is a unique field F with K F K and F/k is not Hopf Galois.
Case |Gal(
When G = F 36 , an stabilizer G ′ is isomorphic to S 3 and included in the normal subgroup of G of order 18. On the other hand, G has no normal subgroups of order 12. Therefore, none of the intermediate extensions will be almost classically Galois.
Since the symmetric group S 12 has a unique conjugacy class of transitive subgroups isomorphic to G, the class 12T 17, it is enough to consider the holomorphs of the groups of order 12 and look for subgroups isomorphic to G. The cyclic group is excluded for cardinality reasons and the remaining holomorphs are 12T 81, 12T 83 and 12T 127. We check that none of them has a transitive subgroup isomorphic to G. Therefore, the intermediate extensions of degree 12 are not Hopf Galois extensions.
The symmetric group S 18 has also a unique conjugacy class of transitive subgroups isomorphic to G, the class 18T 10. Using Magma, if we take N = SmallGroup(18, 4),
then the subgroup of Hol(N) generated by When we consider a cyclic subgroup of order 4 of G ′ , the representation of G as a transitive group of S 12 is 12T 24. We proceed as before with the holomorphs of the groups of order 12. The only case where we find transitive subgroups isomorphic to G is Hol(A 4 ). But the conjugacy class of these subgroups is 12T 22.
When we consider a subgroup V of G ′ isomorphic to the Klein group, a priori we can obtain the transitive groups 12T 21, 12T 22 or 12T 23, since they are isomorphic to G and in these groups the stabilizer of an element is a Klein group. According to the previous comment, we can only have a Hopf Galois structure if the action of G on G/V identifies G with a subgroup of S 12 in the conjugacy class 12T 22. Considering this action, V is the stabilizer of the coset Id V . The stabilizer of a point in 12T 22 is a Klein group formed by the identity, a permutation having exactly four fixed points and two permutations having exactly two fixed points. Let us check the fixed points of the elements of V acting on G/V .
The subgroup V ⊂ G ′ ⊂ S 6 can be {Id, (ab), (cd), (ab)(cd)} or {Id, (ab)(cd), (ac)(bd), (ad)(cb)} with (ab) and (cd) disjoint transpositions. We have that the unique transposition (ef ) which is disjoint with both (ab) and (cd) belongs to G, and also (ae)(bf ) ∈ G, (ce)(df ) ∈ G. In the first case, if τ 1 = (ab) and τ 2 = (cd), we consider the cosets C 1 = Id V , C 2 = (ef )V , C 3 = (ae)(bf )V and C 4 = (ce)(df )V . Then, τ 1 (C j ) = C j for all j ∈ {1, 2, 4} and τ 2 (C j ) = C j for all j ∈ {1, 2, 3}. The second case is similar with τ 1 = (ab)(cd) and τ 2 = (ac)(bd). We consider C 1 = Id V , C 2 = (ef )V , C 3 = (ab)V = (cd)V and we see τ i (C j ) = C j for all i ∈ {1, 2} and all j ∈ {1, 2, 3}. Therefore, in both cases the elements τ i act on G/V having at least 3 fixed points. Namely, the elements τ i ∈ V give rise to two permutations in S 12 having at least 3 fixed points. Hence, the image of V does not correspond to the case 12T 22.
Proposition 4.8. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. Assume that Gal(
There exists an F such that [F : k] = 24 and F/k is an almost classically Galois extension. More precisely, let C be the order 2 normal subgroup of Proposition 4.9. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. Assume that Gal( K/k) = A 5 and K ⊂ F ⊂ K. Then, F/k is not Hopf Galois.
Now we consider G = F 36 : 2 and we have that G ′ is a dihedral group of order 12 having subgroups of order 2 generated by transpositions. They have normal complement in G, since there is a subgroup of G of order 36 not containing transpositions.
The extensions with [F : k] = 24 cannot be almost classically Galois, since G has no normal subgroups of order 24. They are not Hopf Galois extensions either: if C ⊂ G ′ is the unique subgroup of order 3, the action of G on G/C identifies G with the conjugacy class 24T 72 and none of the holomorphs of the fifteen groups of order 24 has a transitive subgroup isomorphic to G. Now we consider a subgroup V of G ′ of order 4. It is a Klein group (ab) × (cd) ⊂ S 6 with (ab) and (cd) disjoint transpositions such that (ab)(cd) belongs to the normal subgroup of G of order 18. Therefore, the extensions with [F : k] = 18 are not almost classically Galois.
Through the action on G/V the group G is identified with the subgroup 18T 34 of S 18 . This is the unique conjugacy class of transitive groups of degree 18 isomorphic to G and having non cyclic stabilizers. We look now at the holomorphs of the five groups of order 18. When we consider the generalized dihedral group N = (C 3 × C 3 ) ⋊ C 2 , we find that the subgroup σ 1 , σ 2 , σ 3 , σ 4 , σ 5 of Hol(N), where Finally, when we consider a subgroup of G ′ of order 6, we see that the corresponding extension F/k is not Hopf Galois because the holomorphs of the subgroups of order 12 have no transitive subgroups isomorphic to G. Proposition 4.10. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. Assume that Gal( K/k) = F 36 : 2 and K ⊂ F ⊂ K.
• If [F : k] = 12, then F/k is not Hopf Galois.
• If [F : k] = 18, then F/k is Hopf Galois but not almost classically Galois.
• If [F : k] = 24, then F/k is not Hopf Galois.
• There exist intermediate extensions with
is almost classically Galois. More explicitly, this is so if Gal( K/F ) is generated by a transposition in S 6 .
We consider now the case G = S 5 . The group G ′ is isomorphic to the Frobenius group F 5 and also isomorphic to Hol(C 5 ), the holomorph of the cyclic group of order 5. All its subgroups of order 2 are subgroups of The groups of order 24 have a solvable holomorph except one, which has non solvable holomorph of order 8064. In any case, G is not a subgroup of any of these holomorphs and the corresponding extensions F/k are not Hopf Galois.
In order to check extensions with [F : k] = 60 we must be aware that transitive groups of degree 60 exceeds the database's limit of Magma system, which is 32. But we can still work with the thirteen isomorphism classes of subgroups of order 60 and its holomorphs. We check all the 13 possibilities and there only remains the obvious candidate, Hol(
it is the only one with transitive subgroups isomorphic to S 5 . But we should still check the compatibility with the actions on cosets. We compute these transitive subgroups of Hol(A 5 ) and we find two of them, which are conjugate in S 60 . We see that the stabilizer of an element has order 2 and is generated by an element with 6 fixed points. On the other hand, if G ′′ is the subgroup of order 2 of G ′ , then G ′′ =< σ > with C = Centralizer(G, σ) of order 8. The elements in C give the fixed points of the action of
Taking into account that g ∈ C ⇒ gσ ∈ C and gG ′′ = gσG ′′ , we see that there are only 4 fixed points. Therefore, the action of G on cosets G/G ′′ does not identify G with any of the subgroups of Hol(A 5 ).
Proposition 4.11. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. Assume that Gal( K/k) = S 5 and K ⊂ F ⊂ K. Then, F/k is not Hopf Galois.
We consider now the case Gal( K/k) ≃ A 6 . It is clear that no intermediate extension K ⊂ F ⊂ K can be almost classically Galois. Let us see that the simplicity of A 6 allows also to discard the possibility of being a subgroup of the corresponding holomorph.
The Proposition 4.13. Let K/k be a separable extension of degree 6 and let K/k be its Galois closure. Assume that Gal( K/k) = S 6 and K ⊂ F ⊂ K.
• If [F : k] = 360 and Gal( K/F ) is generated by a transposition, then F/k is almost classically Galois.
• If [F : k] < 360, then F/k is not Hopf Galois.
Hopf Galois in prime degree
For K/k a separable field extension of prime degree, Childs [3] shows that K/k is Hopf Galois ⇐⇒ Gal( K/k) is solvable.
Moreover, in this case K/k is almost classically Galois and has a unique Hopf Galois structure. More precisely, for [K : k] = p with p = 7 or 11, the solvable groups Gal( K/k) are C p , D 2·p , and the Frobenius groups of orders p(p−1)/2 and p(p−1). In the cyclic case, K|k is Galois; in the dihedral case, G ′ is a subgroup of order 2 and the cyclic subgroup of order p is a normal complement in G; in the Frobenius case, G ′ is the Frobenius complement and the Frobenius kernel is a normal complement in G.
A transitivity result
In the preceding examples, we observed that if the extension K/k is Hopf Galois, then F |k is Hopf Galois for all F with K ⊂ F ⊂ K. This is due to the following result.
Theorem 6.1. Let K/k be a separable field extension and K/k its Galois closure. Let F be a field with K ⊂ F ⊂ K. If K/k and F/K are Hopf Galois extensions, then F/k is also a Hopf Galois extension. ψ :
Let x 1 , . . . , x n be a left transversal for the cosets G/G ′ . The translation action of G on G/G ′ gives a monomorphism ϕ : G ֒→ S n g → ϕ(g) defined by gx i ∈ x ϕ(g)(i) G ′ . If the extension K/k is Hopf Galois, there exists a regular subgroup N of S n normalized by G. If F/K is Hopf Galois, there exists a regular subgroup R of S r normalized by G ′ /H and, therefore, by ψ(G ′ ). That is, for every a ∈ N, g ∈ G, there exists a ′ ∈ N such that ϕ(g)a = a ′ ϕ(g), and for every b ∈ R, g ′ ∈ G ′ , there exists b ′ ∈ R such that ψ(g ′ )b = b ′ ψ(g ′ ). Now we can take x i y j , 1 ≤ i ≤ n, 1 ≤ j ≤ r as left transversal for G/G ′′ and gx i y j = x ϕ(g)(i) g ′ y j = x ϕ(g)(i) y ψ(g ′ )(j) g ′′ gives the action of G on left cosets G/G ′′ , which corresponds to a monomorphism G ֒→ S nr = Sym({1, . . . , n} × {1, . . . , r}).
We recall that we have an injective morphism S n ×S r ֒→ S nr . The elementSince all cubic separable extensions are Hopf Galois, so is F/K. The composition F/Q is an extension of degree 6. A root of the irreducible polynomial
gives a primitive element for it. Since the Galois group of this polynomial is the group F 36 , the extension F/Q is not Hopf Galois.
